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Quantum electrodynamics in an analytic representation
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Department of Natural Sciences and Mathematics, Notre Dame University of
Nelson, Nelson, B.C., Canada

MS. received Sth August 1970

Abstract. The analytic representation of quantum field theory suggested in a
previous paper by Valatin and the author is further investigated, by working
out its details for quantum electrodynamics. The coupled equations for Green’s
functions are discussed and the lowest order contributions to Compton and
Mpller scatterings are calculated. Through the Fourier transforms, the expres-
sions show close agreement with the results of the conventional approach. A
nonlocal modification of the interaction kernel is studied. This leads to finite
self-energy, vacuum polarization and vertex operator expressions, and in the
limit, to a simple regularization of quantum electrodynamics.

1. Introduction

This paper is a continuation of a previous paper by the author and Valatin (1969
to be referred to as I), in which an analytic representation of quantum field theory
has been proposed. The formulation is based on the connection between the Hilbert
space of quadratically integrable functions of real variables ¢ and a Hilbert space of
analytic functions of complex variables z, originally established by Bargmann (1961,
1967). The operators in this formulation are proper operators for which the 8-func-
tions of the ¢g-space commutation relations are replaced by analytic kernel functions in
z-space and a reference to distributions is therefore avoided. Local interaction
terms in ¢-space take a ‘nonlocal’ appearance in z-space with the presence of an inter-
action kernel 1 in each interaction term which is a function of three sets of complex
variables and depends on an arbitrarily chosen length a. For a four-dimensional
formulation one has to work in euclidean metric and the field equations can be derived
directly from an action integral in euclidean z-space with the application of a varia-
tional calculus in which the variations are restricted to analytic functions only.

The application of this analytic representation of quantum field theory to electro-
dynamics forms the subject matter of the present paper. To study the interaction of a
Dirac field with an electromagnetic field, field equations as well as coupled equations
for Green’s functions in euclidean z-space are derived and scattering amplitudes in
momentum space are calculated using a simple relationship between the Green’s
functions and the scattering amplitudes. The results obtained are the same as the
ones from the conventional theory and are independent of the arbitrarily chosen
length a which is an essential feature of the z-space formulation.

_The interesting aspect of the z-space formulation of quantum field theory is the
presence of the interaction kernel W at each vertex. Since the formulation itself is
independent of the structure of I, one might consider the analytic representation
of quantum field theory as a more general theory with the theory corresponding to
the local g-space interaction embedded in it. It will be of interest then to study differ-
ent structures of W and the physical conclusions which result from them. We propose
to show that a simple modification of this interaction kernel leads to finite electron
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166 D. K. Saraswati

self-energy, vacuum polarization and vertex operator expressions and, in the limit,
to a simple regularization of electrodynamics.

2. Field equations

The analytic representation of quantum field theory, as has been suggested in I,
is based on the connection between the Hilbert space # of square integrable func-
tions ¢(g) of real variables ¢ and a Hilbert space # of analytic functions f(2) of
complex variables

A=) = | dgd(=, 9)#(9) (la)
where the complex variable z is chosen as
& = x—ia%k g = x+iack (18)

x and % being the average position and momentum of a wave packet of width a and
the transformation kernel 4 is given by

, 1
Al 9) = (ra®) exp( = = (s- 7). (10
24? /
The scalar product of two functions f and f' € & is defined by the integral
() = [ du(=)f2)f (=) (1d)
with
dx d(—£) 1 A
dule) = S5 exp( = (+-27) (16

and is equal to the scalar product

(7, ¢) = [ dgo*(9)¢'(9) (20)

of the corresponding functions ¢ and ¢'e 5. The inverse mapping of F onto # is
defined by

#(9) = [ du(x) A(5, 9)f(=) (2)
and the transformation kernel 4, with properties
J‘d#(Z)A(z, 9 Az q) = 3(¢—9¢") (34)
: ‘ :
{ dgd(z, 9)A(%, q) = exp(— e (z—z")z) = U(z—%") (38)
J a ,

establishes a one-to-one correspondence between 2# and . This Hilbert space
& of analytic functions f{z) of complex variables 2z is a modification of the Hilbert
space of analytic functions originally introduced by Bargmann (1961, 1967).

It then follows from the above discussion that any integral operator kernel K(g, ¢')
of an operator K operating on functions ¢(g) corresponds in s representation to a
kernel K(z, ')

K(s,5') = [ dg [ dg'A(», 9) K(g, ) A5, ¢') (4a)
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so that the 8-function kernel 8(¢—¢’) of the unit operator is transformed into the unit
kernel U(z—2’") given by (3b). This unit kernel is an analytic function of the complex
variables z and &’ and plays the role of the reproducing kernel

#3) = [ dul) Uz = 5) f(z') (4b)

in the Hilbert space of analytic functions.

Thus one sees that in a theory formulated in this Hilbert space of analytic func-
tions the §-functions will be replaced by analytic unit functions U and a reference to
distributions will be avoided. This is the underlying idea in the analytic representation
of quantum field theory suggested in I. In order to use the Hilbert space of analytic
functions for a four-dimensional theory one is forced to work in euclidean metric.
Schwinger (1958, 1959), Nakano (1959) and Symanzik (1966) have studied field
theory in euclidean space and have shown that one can analytically continue from
Minkowski space field theory to euclidean space field theory with

go =1 —>gy =igo = it
g being considered real. Then corresponding to a field

¥(g) = ¥(q, g2) = ¥(q1, 92, 955 92)
in euclidean g-space, one can define a field ¥(2) in euclidean z-space by
W) = W(3, 20) = W31, 22, 35, 20) = [ d*gAD(3,9F(g)  (5)
with
d*q = dg, dg, dgs dgs (56)

A®(z, q) = A(21, q1) A(2, ¢2) A(%3, ¢3) A(245 a)- (5¢)

The fields ¥(2) in the four-dimensional z-space will depend on the four complex
variables & = 2y, 25, 23, %, and the relevant functions will contain the euclidean
invariant form 22 = 2,2+ 2, + 2,2 + 2,2

We now proceed to obtain the field equations for the local interaction of an electron
field with an electromagnetic field. By a straight transformation of the action integral
in euclidean g-space, in which the transformations of the fields from ¢-space to
z-space are done according to (5a), one gets an action integral in the four dimensional
euclidean z-space

and

o

g Z o & o i) oo
1= [ )] = (T ¥ - o @ (e) -m @)
+ [ dtu(a){ ~34,(8) T.44()}

e[ [ dtu(e) diu(e) ) WO, £, € E @Y )AL (6a)

with
diu(z) = dp(,) dules) dulzs) dpes) (65)
¢? 02 c2 02
-0, = + + + = (6¢)

0% 0332 0252 03,2
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and )
[V)n ')/v]-!- = Zg/‘zv Av=1,2,3,4 Ya = o (6d)
&= —1 for A =v
=0 for A # v.

We should mention here that the real field 4(g) can be transformed either into A(z)
or into A(%) and therefore the integrands of (64) can be symmetrized with respect to
zand £ The action integral has the same form as the one in euclidean ¢-space except
for the interaction term which appears in a nonlocal form described by the interaction
kernel W

Wz, 5', ") = (d‘ng(em(z, ) A9(z', ¢) A®(", q)

I

(z—2")2+ (" —2")2+ ("~ 2)2)

6a?

{r3a)?)~* exp( - (60
We now apply a variational calculus in which the variations are restricted to analytic
functions of complex variables 2, that is, variations 8¢(2) of functions ¢(2) satisfy the
identity

Sg)z = [ d*u(s)) UD(z—5")8p(2") (7a)
and the unit kernel
UR(z—2") = Ulz1— &) U(2a— 5" ) Uz~ 85") Uz, — £4) (75)
appears instead of the 8-functions in expressions like
:Stp(z) = U®(z-5"). (7¢)
o (z")
Then from the equations
—?I— =0 of =0 o1 = (7d)
SY (%) S¥(2) 8A4,(?)

one gets, within the framework of a c-number theory,

(iV.+m) () = e [ [ diu(z’) du(s") W3, £, 5)4,(2 1y, (") (84)

(@)~ iV5+m) = e [ [ diu(s’) du(z)WO(E, o, VP (8 )y, 442" (88)

0.4(2) = H diu(z") d4u(s) W, 2/, V(£ Yy, P (z")  (8¢)

with
v 0 ¢ 0 b 34
z—’)/la 17282+73323+74824 (8d)

Equations (8a, b, c) are the x-space field equations for an electron interacting with
an electromagnetic field. The presence of the interaction kernel W gives the equa-
tions a ‘nonlocal’ appearance and as long as one chooses W given by (6e), the equa-
tions correspond to a local interaction in g-space. A change in the structure of W
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may lead to a nonlocal interaction in ¢-space and we propose to show in the last section
of the paper how a simple modification of W results in a simple regularization of
electrodynamics.

3. Green’s function equations

Starting from an action integral one can obtain Green’s function equations of
quantum electrodynamics by means of a simple formal quantization with the help
of external source functions (Symanzik 1954, 1960, Valatin 1955). To obtain Green’s
function equations in 2z-space we introduce external source functions (%), 5(2) and
J(2), which are analytic functions of ¥ and £, by defining an action integral

I' = I+ [ du(){E@) (=) + F(E)(s) + Tu(8) Au(2)} (9a)

with I given by (64). A4 and J being neutral fields, one can symmetrize their products
in the integrand of (9a) with respect to 2 and &. The ¢-number field equations obtained
from the above action integral

81 81 61

e~ 0 e 0 e

= —Ji(2) (99)

have in addition to the terms of (7d) additional inhomogeneous source terms. The
generating functional y

x = x[&,7, ] (9¢)

of the many-particle Green’s functions satisfies the equations obtained by applying
the inhomogeneous equations (94) on y, after replacing the fields by functional
differential operators according to

3 - 1 3
v 1— ¥(g) » - 4 j .
&)~ 158 @ =~ 5@ ) =555
With this prescription we then get the following equations for the generating
functional

(94)

((ivz+m)i 0 +efJ‘ diu(z’) d* ("YW (2, 2, & )y; ° °
553 SE3) S5
+n(z)) {x[f', 7,J] =0 ‘ (10a)
s e 5
(755(?)( 1V2+m)_effd”(z>d WEIWEE & &) s Vi gy
+ &) ]x[é,n, N=0 (108)
R 5
(S5 syt [ e 2,8 s

+2,) |1l m, 1 = 0. (10¢)
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With the power series expansion of the functional

(_i)m+n+p+q

dhndl= 3 o [ ] ) ) o) o (s N2

o A(Z,) () o S ZDEE) o BT Z) e T )
XGoapind B e B & B 2y 0 20, 24 L 2D

XS (Z4") o (2 (=) oo m(31) (104)

in which z and Z have been used for electron and photon coordinates respectively to
avoid confusion and which has been symmetrized with respect to Z and Z using
the fact that the sources J are neutral, one gets from (10q, b, ¢), after equating the
coefficients to zero,

(ivz+m)GM...},pth.vg(z: ZB1y eee By 2.1’» ves z-n’; Zla s Zp, le’ e Zq/)

n
- 4 - 7 = 7 s =, ’
= > UN2=£")G svrn B oo 2 81y o &) 85 20y 0 2y, 2
i=1

Zlfl)'[_ef ’ dé/“(z’) d4a“L(Z)W(4)(z7 Z-” Z)'V/IGUA...i.pvl...vq(z’s zl: zm’ 2'-1’,

ST Ty 2 24 2 (11a)
Gﬂl.__,{pvl_._",g(zl, “ee Zm, z-, 2_1', v z—n,; Zl’ vea Zp, le, ves Zq')(—IVg-f-m)

m
4 = ¢ = 7. ’ '
= z G,:l.“;‘pvlqu(zl,...zj,...zm,zl ,...2n ,Zl,...Zp,Zl ,...Zq)

j=1
x UB(s;,— 5)ve | [ dp(a") d4(Z2)) G apons. s o B 5 81 o0 B0 Zay

i Zo 22 2y WS, 0, 2 (115)
002G it Brr o B &5 o 803 Z, 24,y o 2, 24y 2))

q

— 4 ! > s .

= - z gi.ij( )(Z—Zj )G;-I--'valo--;'j..-VQ(zl’ coe Zmo zl’) AP
i=1

i Zy Ty 2 2 ) e [ [ dula) a4 ) WO(Z, 7, 2y,

X G/’ll.../’-le...\«'q(zl’ 21, e 2m, z-”, 2-1/,\... én’, Zl’ PR Zp! Zl” cae Zq’) (IIC)

* where a hat on the top of any term, like £,, means that the particular term is missing
from the expression. The function G is the many-particle Green’s function of electro-
dynamics inz-space and corresponds to the time-ordered Green’s function in euclidean
g-space.

If we now use the free electron and photon Green’s functions S and D

(iV,+m)S(z, &) = Uz —5) (11d)

S(z, £) (—iVsz +m) = U¥(z~2') (11e)
D.(Z 2') = —g,D(Z, Z')

0,D(Z, Z') = U(Z—-Z") (11 f)

which have been discussed in detail in I, we get from (11a, b, ¢) three sets of infinitely



Quantum electrodynamics in an analytic representation 171

coupled equations for the many-particle Green’s functions G
Giopriev (B 21 o 8 81 o 805 2y, o 2, 24, L Z)))

n
= fd‘l:u(zl) Z S(=, z-/)U(ét)(z/—éj)GM.-.MW..Avg(zl, e By 50y 7
j=1

DB 2y 2 By B e [ [ @) AUl d(2) S(z, )
X W(4)(z’, z—”, Z)yﬂGﬂi,l...)”,Vl...Vg(z”’ 21, “ew 2‘m, 2‘-1', e Z-n,; Z, Zl’ “ee Zp, Zl’)

2 (124)
GM JApVieay (2’1, . 2m,2. gll, . z-n’; Zl’ XK Z;o: Zl', ves Zq’)

fd4 Z GonoromesBas oo Sis oo By iy os 803 2y s Zy 2o n 24)

x Uz, - &')8(z", &) +e f o [ du(z") d4u(=") A4(Z) Gyt (21
' 88 8 2y, 20, 2 2, 2

oy W(s', 8, Z')S(2", £) (125)
Gariminvder oo 8m 81’y 2.5 2, 24, 2, 2y, L 2))
- f du( zgm, (Z, ZYUS(Z = 2,)Co. ooyt

B By B0 2y e 20 24 Aj', w2
—e [ o [ u(e) () (Z)D(Z, ZYW L, 8, Yy,

X G2 20 B B & L8 2, 2y, 2 2. (12¢)

If we now try to use these infinitely coupled equations any further, we run into
evident complexity of the equations. Introduction of a suitable graphical representa-
tion would enable us to use these equations with more ease, and this is what we
propose to do next,

Corresponding to a many-particle Green'’s function G, let us introduce a I'-function

defined by
Daignn (B o B3y 81 o 805 20, 0 20, 24, 00 2))
= (Vo # ) cee (iV +) Do T2,G i
B B 85 2y, 2y, 24, 2,) 0z, Tz.(— 1V 5, +m)
(=13 +m). (13a)
The inverse relationship between I' and G can then be easily established
Giaavion B0 oo Bms & o 805 20, o 2y, 24 L ZY)

= [ [ dfu(ry) oo dopa(yn) d4pu(rn) oo dilya) d4(Y0) - d4p( V) du( YY)

- d*u(Y) Sz, 51) - S(3m Fm)Dsun(Z1s ¥i) o Dy, (Zps Y,)
X P;.llu.;.p/vll...Vg,(yl’ ---ym).}-"ll’ ---377/; Yl) "'Yp! Yll’ "'Yq’)
XDy (Ye's 20) o Doy Y1, 20)S(92', £07) oo S, 8. (13b)
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One can now use these relationships between G and I to obtain an infinite set of
coupled equations from (12a):

fd4,u(z/)S(z, N i@ 81y o By Br s 8 2y o 2y 24y ZY)
= [ (=) 3 (e SV = 3= 175 M
. Z zljlz] B3 Zay o 2oy Z0y o Z) e [ [ diu(a)
X A4(3") d¥u(") S5 Z) Al Z') S(x, £Y IO, 57, 2y,
x8(&", VD AZ'y 2 s i3 Rey oo Emy B o £ 2, 24,
o Zy 2y 2. (14a)

If we now use the following graphical representation

S(z,7) == Z 5
= A v
Dy (2,72') == CAAAAAARANANS
z z!
tzy0z 7 F! 2,42/_,)," Z1)

il

zl(
e'yAW(‘”(z,z’, z") = z%

z/

then equation (14a) can be given a simple graphical representation

_Q = 5_6 ¥ @ (145)

where we have used
UP(z2—3)—iVz+m) = {S(z, &)}t (14¢)
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which satisfles the equation
[ d4u(=") S(=, £){S(z", )t = U (a—5) (14d)

and it is being understood that we integrate over all the common points in the
diagrams.

From (13b) one can see that according to the proposed graphical representation a
many-particle Green’s function will have the representation of a I'-function with
external electron and photon lines, that is

GM...val...vg(zl) v zma z-l’y s z.-n’; Zl: s Zp) Zl’, (2] Zq,)

Applying (14b), which shows how to split up a I'-function with one external electron
line, to a many-particle Green’s function we then get the following coupled equation:

-1

(I15q}

whose analytic form can be written down by the rules established for graphical
representation.

Starting from (12¢) and following the same technique as above, it can be shown
that a T'-function with an external photon line can be split up as follows:

wrnnn [rannan] ™!
@ _ _E _ s 5)

which gives another set of coupled equations for the many-particle Green’s functions
of electrodynamics

(I5¢)

Equations (154, ¢) are the infinitely coupled equations for the many-particle
Green’s functions in z-space and are same in structure as those in the conventional
theory except for the presence of the interaction kernel W at each vertex.
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4. Matrix elements for scattering processes

We next proceed to calculate the matrix elements for Compton and Moller
scatterings from the z-space Green’s functions. The relationship between the z-space
Green’s functions and the matrix elements for scattering processes, which is similar to
the one in the conventional theory, can be established as follows.

Consider a two-particle Green’s function, G(z,/, 25, £, &3), in 2-space. On multi-
plying the I'-function corresponding to the Green'’s function G by the free particle
wave functions 4,(p,) exp(—ip,z,) and A, (p,) exp(ip,'s,), n=1,24,, A4,
being the momentum space amplitudes of the particles involved in the scattering
process, and integrating over 2, 2,’, we get

f | d*u(=y) d*pu(ze) d*u(z, ") d¥u(2e") exp{ —i(p121 +pa%e —p1 5. — P2 '%")}

x Ay (P1)A2 (P2 )iV oy +m)(IV o +m)G (2, 227, £1, £)(— 1V 5, +m)
X (—=iV3z, +m)A(P2)A:1(P1) (16)

Aj

The quantity in (16) is the Fourier transform of the I'-function corresponding to G
multiplied by the momentum space amplitudes of the free particles which is the
matrix element in momentum space for the scattering of free incoming particles 4,
and A, into free outgoing particles 4," and 4, (Gasiorowicz 1966) as shown in the
diagram. The diagram can be expanded using the coupled equations of the previous
section to give all the diagrams of all orders that contribute to the scattering process
and the matrix elements for different orders can be calculated according to the
prescription given above.

4.1. Compton scattering

In the expansion of a two-particle Green’s function G(z, §'; Z, Z')

o -+ “4 oo

G — Lo 4 ¢S] t e

the second-order diagram can be written down analytically as
GP(z,852,2') = ¢ [ ... [ (1) ... d*u(36) (2, £) W (31, 2, 5)D(Z, £2)

X YaS(2s, 2.y, D(zs, Z/)W(‘D(zm 5, 5) S(%gy &).
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Then with the prescription given above, the matrix element for second-order Comp-
ton scattering becomes

M, P (1, pas ki, ko) = €2 J [ d*u(z;) ... d*u(ze) exp{ — i(p12s + k135 — pafy — ky%,)}

x Iiﬂ(I’z)AA(kz) W2y, 23, 83)y1S(33, Fo)yy
x W®(2y, %5, &5) A,(ky) Y (Py1). 17)
From the connection between the momentum spaces of g-space and z-space estab-

lished in I, the momentum space amplitudes of the free electron and photon wave
functions are found to be

4ra® [ om 12 -
¥(p) = 27 (_E—(p_)) exp( —$a?p®)w'(p) (184)
- 4wa® [ m \1? .
o) = G (—E—@) exp(~ 3a%)) 5 (p) (188)
A =TT L (1) e (R). (18¢)

2(2m)32 w(k)

Using the Fourier transform of the interaction kernel W/

Wz, &', 2") = s f Jﬂ dép d%p’ d*p” exp{—i(pz+p'a" —p"F" P} W(p, p’, p")

(27.’.)12
(19a)
W®(p, p', p") = (2m)*(4ma?) 8D (p+p = p"\WH(p, ', ") (198)
W®(p, p', p") = exp{—a*(p"?—pp)} (19)
and the Fourier transform of the free electron Green’s function S
S(z, —ip(z—2')}S(p) (194)
p+m
S(p) = (4ma®)? exp(—a?p?) o (19)
the z-integrations in (17) can be done with the help of the identity
4 2
fd‘l (2) exp{—i(az—BE)} = (2 )) 8 (o —B) exp{az(x—_ztﬁ> }
(27)
= i B expla) (20)

and the remaining integrations can be done using the 8-functions arising out of the
z-integrations to give

€2 mz 1/2 .
M..@ Ry ko) = — 5@ ko b —k
Mo, b1 Pas k1, ko) 8"72(E(Pl)E(Pz)w(kl)w(kz)) (Pat+ha—p1—ki)

x exp{a®(p,2 + k2 + p1k1 + pa° + Ro? + poka)}
« W@ (P, kg Dot ko)@'s(P2)é(keo) M ¢(ky)w(py)
’ (b2 +ko)2+m?

% WS (py, by, pr+ k1) . (21)
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4.2. Moller scattering

The matrix element for second-order Moller scattering can be calculated in the
same way from a two-electron Green’s function G(z, 2/, £, £) in z-space. From the
second-order term in the expansion of G

I
+
-+

I - G(O) + G(Z) 4+ eus

one gets the matrix element for second-order Moller scattering
M, D(py, 2 Puy Py) = [ oo [ du(s) d¥u(s) diu(a") du(") exp(i(Pys+ Pad )}

x (PP (P)(IV , + m)(iV . +m)GP(z, 2, &, &)
x (—1V 30 +m)(~ iV 3z +m)¥(p)¥(P1) exp{—~i(p13" +po2")}

(22a)
where

Gz, 2", 8", 8") = ¢ J J d*u(zy) ... d¥u(=e) S(2, &) W™ 2y, &3, Z3)y;,
X S(Zzy é”)Dﬂv(zS) 54) S(z’) 55)7»’ W<4)(,2’4, s 2-6) S(zS) g").
(220)

Once, again, using the Fourier transform of the interaction kernel W, the electron
Green’s function S, the Fourier transform of the free photon Green’s function D,

1
5\ 4 3 !
D(z, 2") Gy f d*k exp{ — k(2 — £")}D(k) (22¢)
D(k) = (4ma?)? e><p(—c12k2)k—12 (22d)
and the identity (20), one gets from (22a)
32 m‘l 1/2
M, (py, pay Py, P =———( ) SO(P, + Py—pys—p2)
ot P P2) = \mpmpam Ry TR

x exp{@®(Py® + p,® = P1py + Py® + po® — Popo)}

x WP, —py, b1, P1)

% {@"(Py )y w(p)}{@"(Po)y,w™(P2)}

(Py—p2)?
x WE(Py—pg, pa, Pa). (23)
Equations (21) and (23) give the matrix elements for second-order Compton and

Moller scatterings respectively with an interaction kernel 1. With the choice of
(194, b, c) for W, which corresponds to a local interaction in ¢-space, and a transforma-

tion back to Lorentz metric, these are exactly the same as the matrix elements obtained
from the conventional theory (Schweber 1961).
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5. Divergent diagrams, regularization and nonlocal interactions

We next look into the basic divergent diagrams of electrodynamics, namely,
electron self-energy, vacuum polarization and the vertex operator. To calculate the
electron self-energy from 2-space formulation, we start with the total electron Green’s
function S which satisfies the equation

S(2,8) = (3, ) + [ [ d¥u(an) diu(es) S(, 5)2 (31, %) S(n, ). (240)

With the graphical notation

A
Stz 2 = ._____7L____ —

we get the exact equation for the total electron Green’s function,

—_—t = — % (248)

with the analytical form
(2,8 =S, 8)+e [ ... [ d¥u(sr) ... d¥ulso) S(z, £)T(51, £a, %)

x D;u(2a, £4) S(%3, F3)y, W24, 25, F6) S(%6, £'). (24¢)

In the expansion of the total electron Green’s function S

__+ = ———— + 4 ®eo

the second-order term has the analytic form

Sz, 5') = [ [ d*u(e1) dip(ea) S(z, 1) 3 (21, £2) S(z, &) (25)
where I is the second-order electron self-energy

S (2 8) = e[ o [ du(z) - diulan) W=, £, Sy, S(an £y,

x D, (29, £4) W23, 24, £'). (26)

‘With the proper-time parameter representation of S and D (different representations
of S and D have been worked out in I)

S(z, ) =i f : dsS(z, £’ 5) (27a)

= (2717)4 f d*p exp{—ip(z— P +m)A(p; p? = m?;s) (27h)
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and

D(z, 2') = if ds D(z, &';5) (27¢)
D(z, £';s) = (2—)—4 f d*k exp{—ik(z — &')}A(k; u2 = 0;9) (27d)
where
A(k; 25 5) = (4ma?)? exp{ — i(k? + p?)s} exp( — a%k?) (27¢)
and the Fourier transform of W, one can reduce (26) to get

S8 = 7 - [ @ expi—ine -5 (280

S ) = = e [ e [ [ eexpler(ip-hp )

x exp[ — i{(p — K)2 + m%s,] exp( — ik%s,) W(p — &, k, p)
X yA(B—k+myy, WOk, p—k, p). (285)

Next we consider vacuum polarization. The total photon Green’s function D,

A
Dry (2,5) = Gy, (2,20 = W

has the expansion

»\M'V)Afwv = AAAAAAAASY + 4 eues

in which the second-order diagram contains the vacuum polarization term
(e, &) = ¢ [ ... | déu(ay) ... déu(e) WGz, 21, %)
X Tr{'y,l S(zg, El)va(zz, 2'-4)}W(4)(.§3, 24, 2‘,) (29)

which can be reduced in the same way as before to give

I#(z, §') =

o )4f d*k exp{—ik(z— &)} TI*(k) (30a)
with

(k) =

~ il [ [ [ pexplatip+ i ep?)
x exp[ — i(p? + m?)s;] exp[ — i{(p + B)? + m2s; WO p, k, p+E)
x Tty (B +myy(p+ k+m)|[WE(p, k, p+ k). (300)

Finally we consider the vertex operator. In the coupled equations for the many-
particle Green’s functions there is always a vertex part
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which in its lowest order reduces to

The analytical form of the vertex operator

1s
A, 8,87 = e | ... [ din(zy) ... d*u(ae) W3, 51, £2)y,S(31, 25)

x D4(22s F5)y,8(24 Zg) W (23, 24, 2 Yy W®(25, %6, £") (31a)

and when reduced, gives the momentum space representation of the vertex operator
A to the order o,

Koy ) = = e [ s [ [ [ ahexplar(ioy Ry
0 0

v o

+(p2—k)* + 4]

x exp[ — i{(p, — k)? + m?}s;] exp[ — i{(p2 — k)* + m?}s;] exp(— ik%s3)

X W<4)(P1 —R, R, pr)ya(Pr— K+ m)yVW<4)(p1 —p2s Pa—k, p1—Fk)

x (B =k +myy, Wk, po—k, pa)- (318)
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If one now chooses IV given by (194, b, ¢) corresponding to a local interaction in
g-space, equations (286), (305) and (315) reduce to the standard divergent expressions
for X(p), II**(k) and A¥(p,, p,) of the conventional theory, apart from some normaliza-
tion factors, and one can regularize these divergent expressions using any standard
regularization technique.

The interesting feature of the analytical representation of quantum field theory is
that a change in the structure of the interaction kernel 1 does not change the formula-
tion of the theory since the form of the field equations, of the coupled equations for the
many-particle Green’s functions and of the Green’s functions themselves remains
unchanged. But any change in 1 will correspond to a nonlocal interaction in ¢-space
and will, therefore, affect the observables. Thus one can consider the analytic
representation of quantum field theory as a more general theory with the local g-space
theory built in with the particular choice of 1 given by (6¢). It will be of interest
then to look into the different structures of ¥ and study their effects on the observ-
ables. We now propose to show that a suitable modification of the interaction kernel
W makes the basic divergences of electrodynamics convergent and can be used as a
regularization technique.

It is obvious that in choosing the modified interaction kernel we should be guided
by the following requirements:

(i) the modified interaction kernel must be a symmetric function of three sets
of complex variables, being analytic in each of the three sets of variables, so that the
general formulation of the theory will remain unchanged;

(ii) the Fourier transform of the modified interaction kernel must ensure energy-
momentum conservation at each nonlocal vertex in order that the theory will be
physically realistic;

(iii) under a suitably defined limiting process the modified interaction kernel
must reduce to the original interaction kernel (6¢) corresponding to the local g-space
interaction.

In principle, one can construct a large number of modified interaction kernels
which will meet the above requirements. For our discussion we choose the following
modified interaction kernel:

(32)

W00, #,) = [+ P01 exp - ETVHE 2Py

6(1 +B)a?
where 8 is a dimensionless parameter.
The above kernel is analytic in each of the three sets of complex variables satisfy-

ing the first requirement. The Fourier transform of this modified kernel turns out to
be

1
WB(‘D('Z’ z” 2”) = _—_—J‘-" f d4p d4_p’ d4p” eXp{— l(pz +P'z’_p//§//)}

(2m)12

X W® (p,p', 7" (33a)
Wi, ', ") = (2m)H(4ma?)* 6@ (p+p' ~p" YW, ®(p, ', ") (330)
W®(p, ', ") = exp{—(1+8)a*(p" ~ pp")} (33¢)

which assures energy—momentum conservation at each nonlocal vertex. In the
limit 8 — 0, one has
lim W, - W

B -0



Quantum electrodynamics in an analytic representation 181

W being the interaction kernel (6¢) corresponding to the local interaction in ¢-space.
The modified interaction kernel thus meets all the requirements.

If one now calculates the electron self-energy Z, defined by (26), using the
modified interaction kernel, one gets in momentum space representation

2.6(0) = (2 X (477‘22)2 exp(— azpz)f dslj dszf d*ky(p~k+m)y,

x exp[ —i{(p — k)* -+ m?s,] exp(— ik%s,) exp{—~ 28a(p® + k* — pk)}

which, after a rotation of the s, and s, paths of integration through — % and a transla-
tion of the origin, takes the form

Sa(P) = s () expl = 1+ ap) ex(Bae
<[ [ dso| e mis ol (o KR mij]
Ba Ba
x exp( — ik%sy). (34)

Similarly, one has for vacuum polarization

2
@y
8 fﬁa2d31fﬁa2d82f d%p Trly, (B +m)y.(p+ k+m)}

x exp{ — (p?+ m?)si} exp[ - {(p +K)* + ms,] (33)
and for the vertex operator to the order «

[1%(k) =

(47a?)? exp{— (1 +B)a’k?} exp(2Bam?)

A (pl,pz)——(%az)sexp{ (1+B)a?(ps® +p2° — p1pe)} exp(2Baym?)

©

[ ] dn[ aso = kot my,
ga” Ba

ga’
x exp[ — {(py —k)* + m*s;] exp[ ~ {(po — k) + m?}s;] exp(—k?s;).  (36)
A comparison of Ty, II;* and Ap* with Z, II*Y and A confirms that

lim3Z,, II», Ay -2, TTA, AV %
B ~0

Thus, the modification of the interaction kernel results in replacing the zero lower
limits of the proper-time integrals in (28b), (305) and (315) by a nonzero lower limit
Ba®. Since the divergences in X, II*” and A" occur in the final stages of integrating
the proper time parameters to the origin, as long as 8 > 0, that is, as long as fa? > 0,
the quantities Zg, 11, and A,Y are all finite. For negative values of § the integrals
will diverge again, since for 8¢ < 0 the integration path has to pass through the
origin where the divergences occur. Therefore, as long as the dimensionless para-
meter B is chosen to be positive, X, II,* and A," will be finite,

Schwinger (1951) has discussed a regularization process in which the zero lower
limit of the proper-time integrals is replaced by a nonzero positive quantity s,.
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This makes the integrals convergent and the limit s, - 0 is taken after suitable
subtractions. In the calculations with the modified interaction, taking the limit
B ->0, which is equivalent to reducing the modified interaction kernel ¥, to the
original interaction kernel W corresponding to the local g-space interaction, makes the
lower limit Ba? of the proper-time integrals in (34), (35) and (36) go to zero. Thus
the modification of the interaction kernel results in a regularization process similar to
the one of Schwinger. We would like to point out though that the cut-off 842 is
not an arbitrary one, but comes in naturally from the modified interaction.

We now examine the consequences of modifying the interaction kernel in g-space.
The action due to the interaction term with the modified interaction kernel

I = —e ... [ diu(s) déu(s’) diu(=") W, 9 =, &, #)E (8, ¥ () A=) (37)

corresponds to an interaction in g-space defined by the action integral

L= —e[ . [ dhgdty 4" Fya, o, ) F@¥(0) A (350
where
() =47 +@ -4 P+~
Flad )= (5)  (686) texp( - o ). G8)

The modification of the interaction kernel thus leads to a nonlocal interaction in
g-space defined by (384, b) with the g-space field equations modified to

(Vo +m) ¥(g) = ¢ [ [ d*g’ d¢" Fylg, ¢', ¢ ¥(q") Ae") (39)

and to two similar equations.
Using the following representation of the 8-function,

limf(g—~g') = 8(¢4—¢')
2

THERE

lim Fy(g, ¢, ¢') = 8(g—¢)3g—¢"). (40)

one finds that

The modification of the interaction kernel therefore shows the possibility of
formulating a nonlocal theory in ¢-space in which X;, IT;* and A,” are finite. The
action integral (384) satisfies the general requirements of a nonlocal field theory
proposed by Chretien and Peierls (1954). Since § is a dimensionless parameter and
@ has the dimension of square of length, Ba? may be considered to be the measure of
the fundamental length associated with a nonlocal theory. To summarize, this
modification of the interaction kernel leads to a regularizing process and also leads to
the explicit form of a nonlocal interaction in g-space associated with the cut-off para-
meter of the regularization process,

Acknowledgments

The author would like to thank Professor J. G. Valatin for his help, encourage-
ment and guidance during the investigations. He would also like to thank Dr R. B.
Jones for many helpful discussions and contributions.



Quantum electrodynamics in an analytic representation 183

References

BarcMaNN, V., 1961, Commun. pure appl. Math., 14, 187.

—— 1967, Commun. pure appl. Math., 20, 1.

CHRETIEN, M., and PrierLs, R. E., 1954, Proc. R. Soc. A, 223, 468.

Gasliorowicz, S., 1966, Elementary Particle Physics (New York: Wiley).

NakaNo, T., 1959, Prog. theor. Phys., 21, 241,

Saraswati, D. K., and Varatin, J. G., 1969, Commun. math. Phys., 12, 253.

SCHWEBER, S. S., 1961, Relativistic Quantum Field Theory (London and New York: Harper &
Row).

SCHWINGER, 1., 1951, Phys. Rev., 82, 664.

———— 19538, Proc. Nat. Acad. Sci., USA, 44, 956,

—— 1959, Phys. Rev., 115, 721,

SymaNzik, K., 1954, Ph.D. Thesis, University of Gottingen.

1960, J. math. Phys., 1, 249.

—— 1966, J. math. Phys., 7, 510,

VaLaTin, J. G., 1955, Proc. R. Soc. A, 229, 221.




